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1. Introduction
The Toda chain [1, 2] is a well known non trivial exactly solvable model which considers
a lattice where each site interacts with its nearest neighbors. This lattice has been
very extensively studied [3], using different approaches in Lie algebras [4], as well as
in quantum [5, 6, 7], and in relativistic systems [8, 9, 10]. Besides these studies, other
generalizations have been carried out [11, 12].
In this paper, we focus in the first order approach for the Toda lattice and
show its rich structures. Recently, Chavchadnize [13] has found a new symmetry
transformation for the two dimensional Toda lattice. In this note, we present an
extension of this symmetry transformation to n-dimensional lattices as well as four
new symmetry transformations. Using these symmetries we construct new different
Lagrangian structures for the n dimensional Toda model. Each one of these structures
gives rise to new Hamiltonian functions and different (but equivalent) first order Euler
Lagrange equations. Moreover, the new set of symmetry transformations presented here
generates a Lie algebra.
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2. Definitions for the Toda Lattice. First and second order formalisms.
The n dimensional Toda lattice may be described by the second order Lagrangian
L(2) which is a function of n independent variables q
i and their time derivatives
(i, j = 1, ........, n)
L(2)(q
i, q˙j) =
1
2
n∑
k=1
(q˙k)2 −
n−1∑
k=1
eq
k
−qk+1 , (1)
which gives rise to the following n second order Euler–Lagrange equations
q¨k − e(q
k−1
−qk) + e(q
k
−qk+1) = 0 , (2)
where k = 1, ......, n and the conventions
eq
0
−q1 ≡ 0 ,
eq
n
−q(n+1) ≡ 0 ,
(3)
have been used.
The Hamiltonian structure associated to the Lagrangian formulation (1) is defined
by
H(qi, pj) =
1
2
n∑
k=1
(pk)
2 +
n−1∑
k=1
eq
k
−qk+1 , (4)
with i, j = 1, ........, n and where the momenta pj are defined as usual by
pj ≡
∂L
∂q˙j
= q˙j . (5)
Let us define 2n variables by
xi = qi , (6a)
xn+j = pj . (6b)
Thus, the Toda model Hamiltonian (4) can be written as
H =
1
2
n∑
j=1
(xn+j)2 +
n−1∑
i=1
ex
i
−xi+1 , (7)
and the Toda model first order Lagrangian is
L(1) =
n∑
i=1
xn+ix˙i −
1
2
n∑
i=1
(xn+i)2 −
n−1∑
i=1
ex
i
−xi+1 . (8)
This Lagrangian gives rise to 2n first order equations
x˙i = xn+i (9a)
x˙n+j = e(x
j−1
−xj) − e(x
j
−xj+1) (9b)
where i, j = 1, ..., n, and the conventions
ex
0
−x1 ≡ 0
ex
n
−x(n+1) ≡ 0
(10)
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are used.
These 2n equations are equivalent to the previous n second order Equation (2).
These first order equations can be written as (a, b = 1, ....., 2n)
x˙a = fa(xb, t) , (11)
and
f j = xn+j ,
fn+j = e(x
j−1
−xj) − e(x
j
−xj+1) ,
(12)
with j = 1, ..., n and where the previous conventions apply.
A symmetry transformation for a system of differential equations is defined by an
infinitesimal transformation of the variables xa
x′a = xa + ǫηa(xb, t) , (13)
such that x′a satisfies Equation (11) if xa does, i.e.,
x˙′a = fa(x′b, t) . (14)
Therefore, the vector ηa(xb, t) satisfies
∂ηa(xb, t)
∂t
+
∂ηa(xb, t)
∂xc
f c −
∂fa(xb, t)
∂xc
ηc = 0 (15)
up to first order in ǫ. Note that these symmetries fulfill (j = 1, ..., n)
ηn+j =
d¯ηj
dt
=
∂ηj
∂xa
fa +
∂ηj
∂t
. (16)
The Equation (15) is equivalent to the so called Master Equation [14](
∂
∂t
+ L
f
)
ηa = 0 , (17)
where L
f
is the Lie derivative along the vector fa [15], which, for a vector ηa may be
written as
L
f
ηa =
∂ηa
∂xb
f b − ηb
∂fa
∂xb
. (18)
Note that L
f
ηa = −L
η
fa.
3. New Symmetry Transformations for the Toda Lattice
We will exhibit five different solutions to Equation (15) for the Toda Model, with fa
given in (12). These symmetry vectors give rise to a Lie algebra where the commutation
operation is defined by the Lie derivative. Further details are given below.
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Chavchanidze [13] found a non trivial symmetry vector for the two dimensional
Toda lattice. In fact, Chavchanidze showed that the vector η(1) = (η
1
(1), η
2
(1), η
3
(1), η
4
(1))
with
η1(1) = 2x
3 +
1
2
x4 +
t
2
((
x3
)2
+ e(x
1
−x2)
)
,
η2(1) = x
4 −
1
2
x3 +
t
2
((
x4
)2
+ e(x
1
−x2)
)
,
η3(1) =
1
2
(
x3
)2
− e(x
1
−x2) −
t
2
(
x3 + x4
)
e(x
1
−x2) ,
η4(1) =
1
2
(
x4
)2
+ 2e(x
1
−x2) +
t
2
(
x3 + x4
)
e(x
1
−x2) ,
(19)
is a symmetry vector for Equation (11) with n = 2, i.e., the symmetry vector satisfies
Equation (15).
For n = 3 (a slightly incorrect version of this symmetry transformation appears in
[13]), it can be shown that η(1) = (η
1
(1), η
2
(1), η
3
(1), η
4
(1), η
5
(1), η
6
(1)) is a symmetry vector for
Equation (11) with
η1(1) = 3x
4 +
1
2
x5 +
1
2
x6 +
t
2
((
x4
)2
+ e(x
1
−x2)
)
,
η2(1) = 2x
5 −
1
2
x4 +
1
2
x6 +
t
2
((
x5
)2
+ e(x
1
−x2) + e(x
2
−x3)
)
,
η3(1) = x
6 −
1
2
x4 −
1
2
x5 +
t
2
((
x6
)2
+ e(x
2
−x3)
)
,
η4(1) =
1
2
(
x4
)2
− 2e(x
1
−x2) −
t
2
(
x4 + x5
)
e(x
1
−x2) ,
η5(1) =
1
2
(
x5
)2
+ 3e(x
1
−x2) − e(x
2
−x3) +
t
2
(
x4 + x5
)
e(x
1
−x2)
−
t
2
(
x5 + x6
)
e(x
2
−x3) ,
η6(1) =
1
2
(
x6
)2
+ 2e(x
2
−x3) +
t
2
(
x5 + x6
)
e(x
2
−x3) .
(20)
We have generalized Chavchanidze’s result for the n dimensional Toda lattice
symmetry vector η(1) = (η
j
(1), η
n+j
(1) ) with j = 1, ....., n as follows
ηj(1) = (n+ 1− j)x
n+j −
1
2
j−1∑
k=1
xn+k +
1
2
n∑
k=j+1
xn+k
+
t
2
(
(xn+j)2 + e(x
j−1
−xj) + e(x
j
−xj+1)
)
,
ηn+j(1) =
1
2
(xn+j)2 + (n+ 2− j)e(x
j−1
−xj) − (n− j)e(x
j
−xj+1)+
+
t
2
(xn+j−1 + xn+j)e(x
j−1
−xj) −
t
2
(xn+j + xn+j+1)e(x
j
−xj+1) ,
(21)
where conventions (10) must be used.
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It is straightforward to prove that η(2) = (η
j
(2), η
n+j
(2) ) with j = 1, ....., n and
ηj(2) = j −
t
2
xn+j ,
ηn+j(2) = −
1
2
xn+j −
t
2
(
e(x
j−1
−xj) − e(x
j
−xj+1)
)
,
(22)
is a new symmetry vector for the n dimensional Toda Lattice.
The third symmetry vector η(3) = (η
j
(3), η
n+j
(3) ) with j = 1, ....., n is
ηj(3) = t ,
ηn+j(3) = 1 .
(23)
This symmetry transformation has an interesting feature, it is, in some sense, the
inverse symmetry of η(1). In fact, we have that
σ(0) = L
η(3)
L
η(1)
σ(0) , (24)
where σ(0) will be displayed later. The specific details will be discussed in Appendix 2.
The fourth symmetry vector η(4) = (η
j
(4), η
n+j
(4) ) with j = 1, ....., n is
ηj(4) = 1 ,
ηn+j(4) = 0 .
(25)
The last and fifth symmetry vector η(5) = (η
j
(5), η
n+j
(5) ) is
ηj(5) =
n∑
i=1
xi ,
ηn+j(5) =
n∑
i=1
xn+i .
(26)
4. Multi-Lagrangian and multi-Hamiltonian structures
Now, we will show how the five symmetries allow us to construct new Lagrangians
different from Lagrangian (8). Examples of this Multi-Lagrangian structure in two
dimensions are presented.
One way of constructing new Lagrangian structures is described in Appendix 1.
4.1. Multi-Lagrangian and multi-Hamiltonian structures associated to symmetry η(1)
The n dimensional Lagrangian given by (8) may be rewritten as Lˆ
Lˆ =
a=2n∑
a=1
lˆax˙
a + lˆ0 , (27)
where lˆj = x
n+j, lˆj+n = 0 and
lˆ0 = −
1
2
n∑
j=1
(xj+n)2 −
n∑
j=1
ex
j
−xj+1 , (28)
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with j = 1, ......, n.
We now define a new Lagrangian L by adding a total time derivative of a function
λ to Lagrangian Lˆ such that the Lagrangian one-form l(0)a, defined below, satisfies the
Master Equation,
L = Lˆ+
dλ
dt
, (29)
which may be also be written as (a = 1, ..., 2n)
L = l(0)a(x˙
a − fa) . (30)
The Lagrangian one-form l(0)a is defined by
l(0)a = lˆa + λ,a , (31)
where the λ function must satisfy
∂λ
∂xa
fa +
∂λ
∂t
= −
1
2
n∑
j=1
(xj+n)2 +
n∑
j=1
ex
j
−xj+1 . (32)
One solution for λ satisfying Equation (32) is
λ = −
t
2
n∑
j=1
(xj+n)2 − t
n∑
j=1
ex
j
−xj+1 +
n∑
j=1
(2j − 1)xj+n , (33)
and then using eq.(31) we have
l(0)j = x
n+j + t
(
e(x
j−1
−xj) − e(x
j
−xj+1)
)
,
l(0)n+j = −tx
n+j + (2j − 1) .
(34)
On the other hand, from Lagrangian (30) we get the canonical momenta
p(0)j =
∂L
∂x˙j
= l(0)j . (35)
Besides, we construct the 2n-dimensional matrix σ(0)ab = l
(0)
a,b − l
(0)
b,a
σ(0)ab =
(
0N×N 1N×N
−1N×N 0N×N
)
. (36)
Using l(0) and matrix (36) we will get the Hamiltonian given by Equation (7). We
can construct a Lagrangian one-form l(1) that satisfies the Master Equation as
l(1)a = L
η(1)
l(0)a , (37)
where η(1) is the generalized Chavchanidze’s symmetry given by eq.(21). Then, the new
Lagragian L(1) is
L(1) = l(1)a (x˙
a − fa) = l(1)ax˙
a + l
(1)
0 , (38)
with l
(1)
0 = −l
(1)
af
a (a = 1, ..., 2n).
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We can construct a new Hamiltonian by using the equations of motion. The
Lagrangian one-form l(1)a gives rise to a new matrix σ
(1)
ab = l
(1)
a,b − l
(1)
b,a. It can
be proved that, when ∂
∂t
σ(1)ab = 0 [15] the equations of motion are
σ(1)abx˙
b = l
(1)
0 ,a − l
(1)
a,0 = −
∂H(1)
∂xa
. (39)
We could, in principle, find the Hamiltonian H(1) using our knowledge of l(1)a and
l
(1)
0 . We can iterate this procedure to find a new Lagrangian one-form as l
(2)
a = L
η(1)
l(1)a,
a new matrix σ(2)ab = l
(2)
a,b − l
(2)
b,a and a new Hamiltonian H
(2) that give rise to the
same equations of motion
σ(2)abx˙
b = l
(2)
0 ,a − l
(2)
a,0 = −H
(2),a . (40)
Proceeding in the same fashion, we can construct a Multi-Lagrangian system.
Let’s see an example in two dimensions (n = 2). With two particles, the first order
Toda model Lagrangian Lˆ = lax˙
a + l0 is
Lˆ = x3x˙1 + x4x˙2 −
(
1
2
(x3)2 +
1
2
(x4)2 + ex
1
−x2
)
, (41)
and the Euler-Lagrange equations are
x˙1 = x3 = f 1 ,
x˙2 = x4 = f 2 ,
x˙3 = −ex
1
−x2 = f 3 ,
x˙4 = ex
1
−x2 = f 4 .
(42)
We can write the Lagrangian (41) as
L(0) = l(0)a(x˙
a − fa) (43)
where
l(0) =
(
l(0)1, l
(0)
2, l
(0)
3, l
(0)
4
)
,
= (x3 − tex
1
−x2, x4 + tex
1
−x2 , 1− tx3, 3− tx4) .
(44)
The Lagragian (43) is equivalent to (41) because they produce the same equations of
motion. The momenta will be
p(0)1 =
∂L(0)
∂x˙1
= l(0)1 ,
p(0)2 =
∂L(0)
∂x˙2
= l(0)2 .
(45)
We can construct the matrix
σ(0)ab = l
(0)
a,b − l
(0)
b,a =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , (46)
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and, if we define l
(0)
0 = −l
(0)
af
a, then the equations of motion will be
H(0),a = l
(0)
a,0 − l
(0)
0 ,a , (47)
and from here, it is possible to calculate the first Hamiltonian
H(0) =
1
2
(x3)2 +
1
2
(x4)2 + ex
1
−x2 . (48)
Now, we can use the Lie derivative to calculate more Lagrangians. In this way, we
get
l(1)a = L
η(1)
l(0)a
=
1
2
(
(x3)2 + ex
1
−x2(8− t(x3 + x4)), (x4)2 + ex
1
−x2(−6 + t(x3 + x4)),
−tex
1
−x2 + 6x3 − t(x3)2 − x4, −tex
1
−x2 + x3 + 8x4 − t(x4)2
)
, (49)
with η(1) given in (19). Using Equation (49) we can write the second Lagrangian
L(1) = l(1)a(x˙
a − fa) . (50)
The Lagrange brackets matrix is
σ(1)ab = l
(1)
a,b − l
(1)
b,a =


0 −ex
1
−x2 x3 0
ex
1
−x2 0 0 x4
−x3 0 0 −1
0 −x4 1 0

 , (51)
and we can define the Strong Symmetry matrix Λ(1) by
Λ(1) = σ(1)
(
σ(0)
)−1
=


x3 0 0 ex
1
−x2
0 x4 −ex
1
−x2 0
0 −1 x3 0
1 0 0 x4

 . (52)
It is worth mentioning that the Master equation for the strong symmetry matrix Λ
is equivalent to the Lax equation [16].
Using the Lagrangian (50), we can construct a new Hamiltonian for the same
system. This second Hamiltonian H(1) is related to H(0) by
∂H(1)
∂xa
= Λ(1)a
b ∂H(0)
∂xb
, (53)
because σ(1) does not depend explicity on time.
Thus, the Hamiltonian that satisfies the Equation (39) and Equation (53), with
H(0) given in Equation (48) and l
(1)
0 = −l
(1)
af
a is
H(1) =
1
3
((
x3
)3
+
(
x4
)3)
+
(
x3 + x4
)
ex
1
−x2 , (54)
and, if we define the Poisson Brackets J (1)
ab
= −
(
σ(1)
ab
)
−1
the equations of motion are
x˙a = J (1)
ab∂H(1)
∂xb
, (55)
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and they coincide with those of the eq.(42).
We construct l(2)a = Lη(1) l
(1)
a
l(2) =
1
2
(
−te2x
1
−2x2 + (x3)3 − ex
1
−x2
(
t(x3)2 + x4(−13 + tx4) + x3(−14 + tx4)
)
,
te2x
1
−2x2 + (x4)3 + ex
1
−x2
(
t(x3)2 + x3(−11 + tx4) + x4(−10 + tx4)
)
,
−(x3)2(−11 + tx3) + x3x4 + (x4)2 + ex
1
−x2
(
11− t(2x3 + x4)
)
,
(x3)2 + x3x4 + (x4)2(13− tx4) + ex
1
−x2
(
13− t(x3 + 2x4)
))
. (56)
Thus, the Lagrangian L(2) may be written as
L(2) = l(2)a(x˙
a − fa) , (57)
and the Lagrange brackets matrix σ(2)ab = l
(2)
a,b − l
(2)
b,a is
σ(2)ab =


0 −3
2
ex
1
−x2 (x3 + x4) 3
2
(
(x3)
2
+ ex
1
−x2
)
0
3
2
ex
1
−x2 (x3 + x4) 0 0 3
2
(
(x4)
2
+ ex
1
−x2
)
−3
2
(
(x3)
2
+ ex
1
−x2
)
0 0 −3
2
(x3 + x4)
0 −3
2
(
(x4)
2
+ ex
1
−x2
)
3
2
(x3 + x4) 0


and due to the fact
∂σ(2)ab
∂t
= 0 , (58)
we can construct a third Hamiltonian that satisfies
H(2),a = l
(2)
a,0 − l
(2)
0 ,a = Λ
(2)
a
b
H(1),b , (59)
where l
(2)
0 = −l
(2)
af
a and Λ(2) = σ(2)
(
σ(1)
)
−1
= 3
2
Λ(1). The Hamiltonian that satisfies
Equation (59) is
H(2) =
3
4
e2x
1
−2x2
+
3
2
ex
1
−x2
((
x3
)2
+ x3x4 +
(
x4
)2)
+
3
8
((
x3
)4
+
(
x4
)4)
, (60)
The Hamiltonian equations associated to H(2) and the Poisson Brackets J (2)
ab
are
x˙a = J (2)
ab∂H(2)
∂xb
, (61)
and they are identical to those of eq.(42), where J (2) = −
(
σ(2)
)
−1
.
We may proceed in the same fashion constructing Lagrangian stuctures, because the
Lagrange brackets σ matrices are time independent. For example, the fourth Lagrangian
for two dimensions is
L(3) = l(3)a(x˙
a − fa) , (62)
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where l(3)a = L
η(1)
l(2)a is
l(3) =
3
4
(
(x3)4 − 2e2x
1
−2x2
(
t(x3 + x4)− 9
)
−
−ex
1
−x2
[
t(x3)3 + (x3)2(−20 + tx4) + x3x4(tx4 − 19) + (x4)2(tx4 − 18)
]
,
(x4)4 + 2e2x
1
−2x2
(
t(x3 + x4)− 8
)
+
+ex
1
−x2
[
t(x3)3 + (x3)2(tx4 − 16) + x3x4(tx4 − 15) + (x4)2(tx4 − 14)
]
,
−e2x
1
−2x2t−
(
(x3)3(tx3 − 16) + (x3)2x4 + x3(x4)2 + (x4)3
)
−
ex
1
−x2
[
3t(x3)2 + 2x3(tx4 − 16) + x4(tx4 − 15)
]
,
−e2x
1
−2x2t+ (x3)3 + (x3)2x4 + x3(x4)2 + (x4)3(18− tx4)−
ex
1
−x2
[
t(x3)2 + 3x4(tx4 − 12) + x3(2tx4 − 19)
])
, (63)
and the fouth Hamiltonian is
H(3) = 3
(
x3 + x4
)
e2x
1
−2x2
+ 3ex
1
−x2
(
x3 + x4
) ((
x3
)2
+
(
x4
)2)
+
3
5
((
x3
)5
+
(
x4
)5)
. (64)
The algorithm may be reiterated to get new Hamiltonians. We have presented four
Lagrangians structures which show the richness of the Toda model and the power of the
procedure we have adopted.
4.2. Multi-Lagrangian and multi-Hamiltonian structures associated to symmetry η(2)
It is possible to repeat the same previous analysis for the symmetry η2 given in Equation
(22). We use l(0) given in (34), the Lagrangian of Equation (30) and Lie derivative
to construct other Lagrangians. However, this symmetry does not produce a new
Hamiltonian structure for the Toda lattice. Each new Hamiltonian will be identical
(except for a constant) to Hamiltonian H(0) given by Equation (7). In fact, we can
construct a Hamiltonian structures appliying Lie derivatives to Hamiltonians. In this
way, it can be proved for n dimensions that using η(2) we get a H
(m) Hamiltonian as
H(m) = L
η(2)
H(m−1) =
(
L
η(2)
)m
H(0)
= (−1)mH(0) . (65)
4.3. Multi-Lagrangian and multi-Hamiltonian structures associated to symmetry η(3)
We mentioned earlier that the η(3) symmetry given by (23) is related to symmetry η(1)
in the following way
σ(0)ab = L
η(3)
L
η(1)
σ(0)ab , (66)
where σ(0)ab is given in (46).
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Thus, if we call upward hierarchy to Lagrangians and Hamiltonians constructed
with symmetry η(1), we use η(3) to construct a downward hierarchy of Lagrangians and
Hamiltonians starting from any Lagrangian of the upward hierarchy.
The construction of these new Lagrangians proceeds much in the same way as it
was done in the last two sections. For example, in two dimensions, we can construct a
new l′(1) as
l′(1)a = L
η(3)
l(2)a
=
3
2
(
(x3)2 + ex
1
−x2(9− t(x3 + x4)), (x4)2 + ex
1
−x2(−7 + t(x3 + x4)),
−tex
1
−x2 − x3(−7 + tx3) + x4, −tex
1
−x2 + x3 + x4(9− tx4)
)
(67)
with l(2) given by Equation (56). The resulting Lagrangian is
L′(1) = l′(1)a(x˙
a − fa) , (68)
and the Lagrange brackets and the new Hamiltonian are
σ′(1)ab = l
′(1)
a,b − l
′(1)
b,a = 3σ
(1)
ab , (69)
H ′(1) = 3H(1) , (70)
where σ(1) is given in (51) and H(1) is given in (54). Applying the Lie derivative again,
we can get a new l′(0)
l′(0)a = L
η(3)
l′(1)a
= 3
(
x3 − tex
1
−x2, x4 + tex
1
−x2, 3− tx3, 5− tx4
)
, (71)
giving rise to the Lagrangian
L′(0) = l′(0)a(x˙
a − fa) , (72)
and l′(0) produces
σ′(0)ab = l
′(0)
a,b − l
′(0)
b,a = 3σ
(0)
ab , (73)
H ′(0) = 3H(0) , (74)
where σ(0) is given by Equation (36) and H(0) is defined in (48). The η(3) symmetry
allows us to reobtain all the multi-Lagrangian and multi-Hamiltonian structure.
At this point it is not advisable to apply the Lie derivative to l′(0) because it gives
rise to vanishing Lagrange brackets σ. To get around this problem we use the inverse
matrix to the Strong Symmetry matrix (52) and σ(0) to construct a Lagrange brackets
matrix σ′(−1) as
σ′(−1)ab =
(
Λ(1)
)−1 c
a
σ(0)cb , (75)
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which gives
σ′(−1)ab =

0
(
ex
2
−x1x3x4 − 1
)
−1
x4
(
x3x4 − ex
1
−x2
)
−1
0
−
(
ex
2
−x1x3x4 − 1
)
−1
0 0 x3
(
x3x4 − ex
1
−x2
)
−1
−x4
(
x3x4 − ex
1
−x2
)
−1
0 0
(
x3x4 − ex
1
−x2
)
−1
0 −x3
(
x3x4 − ex
1
−x2
)
−1
−
(
x3x4 − ex
1
−x2
)
−1
0


.
(76)
Using this matrix, the equations of motion can be written as
σ′(−1)abx˙
b =


0
0
−1
−1


= l
(−1)
0 ,a − l
(−1)
a,0 = −H
(−1)
,a , (77)
where the Hamiltonian is
H(−1) = x3 + x4 , (78)
The Hamiltonian (78) can be constructed from the momentum conservation
equation. The l
(−1)
a that satisfies (77) is
l(−1) =
(
x3x4
x3x4 − ex1−x2
,
x3x4
x3x4 − ex1−x2
,
x4
x3x4 − ex1−x2
,
x3
−x3x4 + ex1−x2
)
, (79)
and l
(−1)
0 = −l
(−1)
af
a.
We finally get the Lagrangian L(−1) = l(−1)a(x˙
a − fa). One keeps getting new
Lagrangians by applying Lie derivatives along this symmetry in the same way as it was
done before. This will produce a new downward Hamiltonian hierarchy.
4.4. Multi-Lagrangian and multi-Hamiltonian structures associated to symmetry η(4)
The η(4) symmetry given in eq.(25) behaves in a different fashion. Consider l
(0) defined
by Equation (34). Its Lie derivative along η(4) vanishes, i.e.,
l(1)a = L
η(4)
l(0)a ≡ 0 . (80)
This feature implies that η(4) produce Lagrangians and Hamiltonians which are
identically zero. This fact can be seen in a different way. The Lie derivative of H(0)
along η(4) vanishes, i.e.,
H(1) = L
η(4)
H(0) ≡ 0 . (81)
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4.5. Multi-Lagrangian and multi-Hamiltonian structures associated to symmetry η(5)
The symmetry vector η(5) given in (26) allows us to find another Lagragian structure
for the Toda lattice. For n dimensional lattices, we apply the Lie derivative to l(0) given
in (34), as we did before, to obtain l(1) as
l(1)j = 2η
n+j
(5) = 2
n∑
i=1
xn+i ,
l(1)n+j = −2t η
n+j
(5) + n
2 ,
(82)
which gives rise to the first Lagrangian and Hamiltonian structure obtained by using
this symmetry
L(1) = l(1)a (x˙
a − fa) = l(1)a x˙
a − 2
(
n∑
i=1
xn+i
)2
, (83)
H(1) =
(
n∑
i=1
xn+i
)2
. (84)
This Hamiltonian is the square of the momentum which is a constant of motion for
this problem. If we apply again the Lie derivative, we get
l(2)j = 4n η
n+j
(5) ,
l(2)n+j = −4nt η
n+j
(5) + n
3 ,
(85)
where the second Lagrangian and Hamiltonian are given by
L(2) = l(2)a (x˙
a − fa) = l(2)a x˙
a − 4n
(
n∑
i=1
xn+i
)2
, (86)
H(2) = 2n
(
n∑
i=1
xn+i
)2
. (87)
Applying the same procedure again will produce results which are similar to what
we have already obtained.
5. Algebra of the new symmetries
The commutator of two vector fields Aa and Bb may be constructed by defining the
operators
Aˆ = Aa
∂
∂xa
, Bˆ = Bb
∂
∂xb
, (88)
and their commutator
[Aˆ, Bˆ]φ = Aa
∂
∂xa
(
Bb
∂φ
∂xb
)
− Bb
∂
∂xb
(
Aa
∂φ
∂xa
)
=
(
Ab
∂Ba
∂xb
− Bb
∂Aa
∂xb
)
∂φ
∂xa
=
(
LAB
a ∂
∂xa
)
φ .
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In this way, the commutator of two vector fields may be defined by
[A,B] = LAB = −LBA . (90)
We can now compute the a component of the commutators between any two
symmetry vector fields η(m) and η(n) with m,n = 1, 2, 3, 4
[η(m), η(n)]
a = Lη(m)η
a
(n)
=
∂ηa(n)
∂xi
ηi(m) +
∂ηa(n)
∂xn+i
ηn+i(m)
− ηi(n)
∂ηa(m)
∂xi
− ηn+i(n)
∂ηa(m)
∂xn+i
(91)
with a = 1, ..., 2n and i = 1, ..., n. After some algebra it is easy to prove that the new
symmetries define a Lie algebra given by the following commutation relations (all other
commutators vanish)
[η(1), η(2)]
a =
1
2
ηa(1) ,
[η(2), η(3)]
a =
1
2
ηa(3) ,
[η(3), η(1)]
a =
3
2
(n+ 1)ηa(4) − 2η
a
(2) ,
[η(3), η(5)]
a = n ηa(3) ,
[η(4), η(5)]
a = n ηa(4) ,
[η(2), η(5)]
a =
1
2
n(n + 1)ηa(4) ,
[η(1), η(5)]
a = n ηj(1)η
a
(4) + n η
j+n
(1)
(
1− ηa(4)
)
+ ηn+j(5)
(
2ηa(2) −
3
2
(n + 1)ηa(4)
)
,
(92)
with j any number such 1 ≤ j ≤ n.
6. Conclusions
We have explicitly presented five different new symmetries for the dynamics defined
by the n dimensional Toda lattice and the first order Lagrangians, Hamiltonians as
well as the corresponding Lagrange and Strong Symmetries associated to each of them.
Moreover, we showed that the commutators of the symmetry vector fields give rise to a
Lie algebra.
A multi-Lagrangian structure is obtained by taking the Lie derivative of one-
form Lagrangians along each of the symmetry vector fields. These Lagrangians
give rise to equivalent (although not identical) equations of motion. (They are not
identical because their Lagrange bracket matrices are different). By the same token,
we presented Hamiltonian structures which are different from each other but are
nevertheless equivalent.
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Appendix A.
In the inverse problem of the calculus of variations in first order [17], we have a
Lagrangian as L = L(qi, q˙j, t) where we can define the velovity variable uj as
uj = q˙j ,
and we can define a new Lagrangian L¯ = L(qi, uj, t) using these variables.
We define a first order Lagrangian as [15]
L¯ =
∂L¯
∂uj
(
q˙j − uj
)
+ L¯(qi, uj, t) .
Using this Lagrangian, the equations of motion for uj are
∂2L¯
∂ui∂uj
(
q˙j − uj
)
−
∂L¯
∂ui
+
∂L¯
∂ui
= 0 .
If the matrix ∂
2L¯
∂ui∂uj
is regular, these equations are equivalent to our definition
q˙j − uj = 0 .
The equations of motion for qj
∂2L¯
∂qi∂uj
(
q˙j − uj
)
−
d
dt
(
∂L¯
∂ui
)
+
∂L¯
∂qi
= 0 ,
the first term is zero because q˙j = uj, and the equations of motion finally are
−
d
dt
(
∂L¯
∂q˙i
)
+
∂L¯
∂qi
= 0 .
We can say that Lagrangian at first order L¯ is equivalent to Lagrangian at second
order L. We can write L¯ as (a = 1, ....., 2n)
L¯ = lax˙
a + l0 , (A.1)
where
xi = qi ,
xj+n = uj ,
li =
∂L¯
∂ui
,
lj+n = 0 ,
l0 = −
∂L¯
∂ui
ui + L¯ ,
with i, j = 1, ..., n. Now, we can get the equations of motion for xa as
σabx˙
b +
∂la
∂t
−
∂l0
∂xa
= 0 ,
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where σab =
∂la
∂xb
− ∂lb
∂xa
. If det σ 6= 0, then there is a matrix Jab such Jabσbc = −δ
a
c and
x˙a = Jab
(
∂lb
∂t
−
∂l0
∂xb
)
.
If we demand that curl of ∂lb
∂t
− ∂l0
∂xb
be zero, then σ does not depend on time, and
∂
∂xa
(
∂lb
∂t
−
∂l0
∂xb
)
−
∂
∂xb
(
∂la
∂t
−
∂l0
∂xb
)
= 0 ,
and this implies
∂2lb
∂xa∂t
−
∂2la
∂xb∂t
= 0 ,
or
∂σab
∂t
= 0 ,
and this means
∂Jab
∂t
= 0 .
If σ does not depend on time, we can always find a function such that its gradient
is ∂lb
∂t
− ∂l0
∂xb
. This is the Hamiltonian function such that
∂H
∂xb
=
∂lb
∂t
−
∂l0
∂xb
(A.2)
and the motion equations are now the (first order) Hamilton equations
x˙a = Jab
∂H
∂xb
= fa .
Sometimes, la of Equation (A.1) does not satisfy the Master equation. We can now
construct a new l¯a (which satisfies the Master equation) by
l¯a = Lηla ,
such that now the Lagrangian can be written as
L = l¯a (x˙
a − fa) .
The new σ matrix is
σ¯ab =
∂l¯a
∂xb
−
∂l¯b
∂xa
.
This construction of σ¯ is equivalent to the definition σ¯ab = Lησab. Using Lie
derivatives it is possible to construct many Hamiltonian functions computing many
la and using them in conjunction with Equation (A.2).
Furthermore, we can define a new matrix Λ as
Λa
b = σ¯ac
(
σ−1
)cb
,
or, in other way, σ¯ab = Λa
cσcb and J¯
ab = Jac(Λ−1)c
b
.
If we have more than one Hamiltonian, say H and H¯, both must satisfy the equation
x˙a = Jab
∂H
∂xb
= J¯ab
∂H¯
∂xb
= Jac
(
Λ−1
)
c
b∂H¯
∂xb
,
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then, we can find a relation between H and H¯
∂H¯
∂xa
= Λa
b∂H
∂xb
. (A.3)
It is possible sometimes to construct other Hamiltonian functions using (A.3) with
the help of Λ.
Appendix B.
Symmetries η(1), η(2) and η(5) may be found by solving the Master equation. The
symmetry η(4) is the simplest non-trivial case of a symmetry that satisfies the Master
equation. However, symmetry η(3) was found in a different fashion. We were looking for
a symmetry that was the ”inverse” one of η(1).
We have σ(0) given by (36) and we can define the σ′ matrix like σ′ = Lη(1)σ
(0).
Let’s assume that a symmetry η′ such that σ(0) = Lη′σ
′ exists. In other words, the η′
symmetry must fulfill
σ(0) = Lη′Lη(1)σ
(0) .
We can write this equation in an extended form as
σ
(0)
ab =
[
∂2σ
(0)
ab
∂xc∂xd
ηd(1)η
′c +
(
∂σ
(0)
ab
∂xd
∂ηd(1)
∂xc
+
∂σ
(0)
db
∂xc
∂ηd(1)
∂xa
+
∂σ
(0)
ad
∂xc
∂ηd(1)
∂xb
)
η′c
+
∂σ
(0)
cb
∂xd
ηd(1)
∂η′c
∂xa
+
∂σ
(0)
ac
∂xd
ηd(1)
∂η′c
∂xb
]
+ σ
(0)
db
∂2ηd(1)
∂xc∂xa
η′c + σ
(0)
ad
∂2ηd(1)
∂xc∂xb
η′c +
(
σ
(0)
cd
∂ηd(1)
∂xb
+ σ
(0)
db
∂ηd(1)
∂xc
)
∂η′c
∂xa
+
(
σ
(0)
ad
∂ηd(1)
∂xc
+ σ
(0)
dc
∂ηd(1)
∂xa
)
∂η′c
∂xb
. (B.1)
The term in square brackets vanishes in our case, because the σ(0) matrix is
coordinate independent. Thus, this equation reduces to
σ
(0)
ab = σ
(0)
db
∂
∂xa
(
∂ηd(1)
∂xc
η′c
)
+ σ
(0)
ad
∂
∂xb
(
∂ηd(1)
∂xc
η′c
)
+ σ
(0)
cd
(
∂ηd(1)
∂xb
∂η′c
∂xa
−
∂ηd(1)
∂xa
∂η′c
∂xb
)
(B.2)
Then, η′ must satisfy both Equation (B.2) and the Master equation. It is possible
to choose a symmetry such that ∂η′/∂x = 0, i.e., a symmetry which is time dependent
only. The transformation η(3) is such a symmetry for dimension n.
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